This paper shines light on the dynamics of solitons in nano optical fibers that is governed by the improved version of the nonlinear Schrödinger's equation, in presence of Hamiltonian perturbation terms that are considered with full nonlinearity. The traveling wave hypothesis is applied to extract the exact 1-soliton solution to the model. Subsequently, the ansatz method is applied to obtain the bright and dark solitons as well as the singular solitons to the model. There are several constraint conditions that fall out during the course of derivation of the soliton solutions. The types of nonlinearity that are studied here are the Kerr law, power law, parabolic law, dual-power law and finally the log-law nonlinearity.
INTRODUCTION
Optical solitons is an important topic of research in the field of nano-photonics and nano-optics.
1- 40 The governing equation is the nonlinear Schrödinger's equation (NLSE) with several forms of nonlinearity. These nonlinearities are Kerr law, power law, parabolic law, dual-power law as well as the logarithmic law. Occasionally, there are perturbation terms that are taken into consideration in order to describe the dynamics of soliton propagation without compromising the side effects. The solitons solutions of the corresponding perturbed NLSE with these nonlinear media is of prime importance in advancing in this direction of research.
Minimizing the width of optical waveguides is desirable for photonic device applications, but the fabrication of low cost optical waveguides with diameter less than one micron is challenging because of the stringent requirements of surface roughness and diameter uniformity. 29 37 Tong et al. developed a method to fabricate long freestanding silica wires with diameter down to 50 nm along with surface smoothness at the atomic level and the uniformity of the diameter. Light can be launched into these * Author to whom correspondence should be addressed.
wires by optical evanescent coupling. 29 37 The fibers with small wavelength diameter are called nano fiber. 26 29 33 37 The optical wave is guided through this fiber as a result of total internal reflection due to the contrast of core and cladding material. 26 29 33 34 37 Since the diameter of these kind of fibers is small, they are ideally suitable for higher nonlinear application due to the presence of highly confined electric field. Leon-Saval et al. demonstrated super-continuum generation using an unique property confining optical field at these nanofibers. 26 Field in these nano-scale fibers can be coupled too. Then Sumetsky et al. demonstrate a new type of optical resonator, micro-ring resonator, using evanescent coupling between nano-fiber coils. 29 33 34 Optical nanofibers may become a fascinating work bench due to the possibility of quantum electrodynamic (QED) effects associated with the confinement of the field in the guided mode. It has been theoretically demonstrated that spontaneous emission of atoms can be strongly enhanced around nano-fibers and an appreciable amount of florescence photons can be channeled through a single guided mode of the nano-fibers. Furthermore, two distant atoms on the nano-fiber can be entangled through the guided mode. 19 20 29 Novel atom trapping schemes, using an optical nano-fiber, are also proposed to open up the possibilities of new approaches 
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for manipulating a single atom or a single photon, which will offer new tools for quantum information processing. 2 9 Optical nano-fibers can work for manipulating and probing atomic florescence to facilitate minimum invasive biophotonic application. 29 As mentioned earlier, the confined electric field in nanofiber facilitate us to have soliton wave propagation with very low power. Also, it will be sensitive to the slightest perturbation. Along with high nonlinearity constant, the dispersion of the fiber determine the nature of the soliton propagation through it. Similarly, like the regular single mode fiber, the dispersion is heavily dependent on the fiber material dispersion. 19 26 29 33 34 37 Also, it needs to be borne in mind that these fibers exhibit evanescent field. 29 37 Due to high nonlinearity, the slightest change in the higher order dispersion will generate significant impact on the soliton wave propagation which is a well-known phenomena of the balance between group velocity dispersion and self-phase modulation due to nonlinear interaction.
1 Kerr and non-Kerr materials will have similar characteristics with the difference in the required power to guarantee the delicate balance to support soliton solution. This is predominantly due to the variable nature of nonlinearity.
GOVERNING EQUATION
The dimensionless form of the improved perturbed NLSE is given by 8-13 30 iq t + aq tx + bq xx + cF q 2 q
In (1), the two independent variables are x and t which represent the spatial and temporal variables respectively. The dependent variable q x t is the soliton pulse profile. The first term is the linear evolution term while the coefficients of a and b accounts for the dispersion term where the coefficient of a represents the improved term that introduces stability to the NLSE which is otherwise an ill-posed problem. The coefficient of b is the usual group velocity dispersion. From the perturbation terms on the right hand side, the coefficient of is the inter-modal dispersion, while is the self-steepening perturbation term and finally is the nonlinear dispersion coefficient. The power law nonlinearity parameter m is the full nonlinearity factor that is studied on a generalized setting. These perturbation terms are all of Hamiltonian type and hence the perturbed NLSE given by (1) is rendered integrable. The nonlinear term, the coefficient of c on the left hand side, represents in general the non-Kerr law nonlinear term that is modeled by the functional F . There will be five types of this functional F that will be addressed in this paper. They are the Kerr law nonlinearity, power law, parabolic law, dual-power law and finally the log-law nonlinearity. Each of these types of nonlinearity will be studied in separate subsections. Now, in order to address the mathematical structure of the functional F , it is a realvalued algebraic function where it is necessary to have the smoothness of the complex function F q 2 q C → C. Treating the complex plane C as a two-dimensional linear space R 2 , the function F q 2 q is k times continuously differentiable, so that 21 
F q
On a historical perspective, it needs to be pointed out that Eq. (1) was studied with the term a = 0 earlier in 2012 by the traveling wave hypothesis. 30 That was the pure NLSE in non-Kerr law media. Then the ansatz method was applied to the pure NLSE with the same perturbation terms in (1) where the bright and dark soliton solutions were retrieved. It was additionally studied without the perturbation terms on the right hand side but with a = 0, again earlier in 2012. 30 The plan of this current paper is therefore to shine some light on (1) with the five types of nonlinear media and with all the perturbation terms turned on. The traveling wave hypothesis will be applied to extract the bright soliton solutions. Subsequently, the bright, dark and singular soliton solutions will be obtained for (1) by the implementation of the ansatz method. There are several constraint conditions of the soliton parameters and coefficients of (1) that will fall out during the course of the derivation of these soliton solutions and these domain restrictions will be listed.
TRAVELING WAVES
For the traveling wave solution to (1), the starting hypothesis is taken to be 30 q x t = g s e i x t (2) where g s represents the shape of the pulse and
where v is the velocity of the soliton and
From the phase component x t , is the soliton frequency, while is the soliton wave number and is the phase constant. Substituting (2) into (1) and decomposing into real and imaginary parts respectively yields
and respectively. From the imaginary part Eq. (6), setting the coefficients of the linearly independent functions g j for j = 0 2m to zero yields the velocity of the soliton as
and the constraint condition is given by
which must hold in order for the integrability condition and hence for the solitons to exist. Then, from the real part equation, multiplying both sides of (5) by g and integrating yields
Separating variables and integrating again leads to
which can be evaluated once the functional form of F is known. The special cases based on the type of the functional will be evaluated in the following five subsections.
Kerr Law
Kerr law nonlinearity is also referred to as the cubic nonlinearity. This type of nonlinearity originates when a light wave in an optical fiber is subjected to nonlinear responses. 3 21 30 In this case,
so that (1) reduces to
since for Kerr law nonlinear medium, m = 2 in order for Eq.
(1) to be integrable. Thus, (12) reduces to
which implies the solution
Thus the 1-soliton solution of (12) is (15) where the amplitude A and the width B of the soliton are given by
These relations pose the constraints
and
The velocity v of the solitons is the same as in (7), while the constraint condition (8) modifies to
since for Kerr law nonlinearity m = 1 for it to be rendered integrable. Hence, finally the 1-soliton solution to (12) is given by (15) where the amplitude (A and the inverse width (B are respectively given by (16) and (17) while the velocity (v of the soliton is seen in (7). These results will remain valid as long as the domain restrictions given by (18) , (19) and (20) hold.
Power Law
For power law nonlinearity is typically visible in semiconductors for low power nonlinearities. 3 21 30 In this case,
so that Eq. (1) collapses to
For power law nonlinearity, m = n in order for (1) to be integrable. Here in (1) the parameter n is the power law nonlinearity parameter and indicates the strength of the nonlinearity. For stability issues, it is necessary to have
and in particular n = 2 in order to avoid self-focusing singularity. 30 For the special case when n = 1, power law nonlinearity collapses to Kerr law nonlinearity. Thus, (10) simplifies to
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Thus, the 1-soliton solution of (22) is (26) with the amplitude A and the width B being (27) and
Therefore the constraint conditions given by (18) and (19) still remain valid. Now, from the imaginary part equation the velocity (v of the soliton is the same as indicated in (7) while the constraint conditions (8) , in this case reduce to 2n
Hence, finally, the 1-soliton solution to (22) is given by (26) where the soliton amplitude and inverse width are given by (27) and (28) respectively while the velocity is still indicated in (7) . Then the constraint conditions, as given by (18), (19) and (29) must all hold for the soliton to exist.
Parabolic Law
The parabolic law nonlinearity is due to considerable 5 nonlinearity, that is referred to as the fifth order succetibility, which is predominantly present in a transparent glass with intense femtosecond pulses at 620 nm.
where c 1 and c 2 are constants. Therefore, (1) takes the form
since for parabolic law nonlinearity m = 2 for integrability purposes. Therefore, Eq. (10) reduces to
which gives
where
with the constraint conditions given by
follow from (34)- (36) . The imaginary part leads to the same expression for the soliton velocity as given by (7) and the same constraint condition (20) . Thus, the 1-soliton solution of (31) takes the form (40) where the amplitude A, the width B of the soliton and the constant D 1 are given by (34)- (36) , while the velocity is given by (7) . The other constraint condition is given by (20) .
Dual-Power Law
The dual-power law nonlinearity is used to describe the soliton dynamics in photovoltaic-photorefractive materials such as LiNbO 3 .
where c 1 and c 2 are still constants. Therefore, (1) reduces to
since for dual-power law nonlinearity m = n as in the case of power law. Additionally, as expected, for n = 1, dualpower law reduces to the parabolic law. In this case, (10) modifies to that leads, after integration, to
Thus, the 1-soliton solution of (42) is
with the amplitude A, the width B of the soliton and the constant D 2 are respectively given by
(46)
and these leads to the same constraints as in (37)- (39) . The imaginary part equation gives the velocity as in (7) and the constraint (8) reduces to (30) since m = n. Hence, finally, the 1-soliton solution to (42) is given by (45) where the amplitude (A and the width (B are given by (46) and (47) and the new parameter D 2 is introduced in (48). These imply the constraint conditions (37)-(39) as well as (29) which must all hold for the solitons to exist. Finally, the velocity is still given by (7).
Log Law
In case of log law nonlinearity, there is no radiation and consequently there is no shedding of energy and is hence a preferred means of soliton communication. 3 21 30 F s = c ln s
where c is a constant. So the perturbed NLSE with log law nonlinearity is
For log law nonlinearity, it is necessary to choose = 0 for integrability purposes. Then, the constraint condition given by (8) implies = 0. This means that the perturbed improved NLSE with log law nonlinearity that can be integrated is given by
In this case, therefore (10) simplifies to 
which is a Gausson whose amplitude A and the width B are given by
respectively, so that the constraint by virtue of (56) is
Therefore, finally, the 1-soliton solution to (51) is given by (54) where the amplitude (A and the width (B are given by (55) and (56) and the velocity is still defined by (7) . In this case, the only constraint conditions that needs to hold is (57) in order for the Gaussons to exist.
ANSATZ METHOD
The traveling wave approach displayed 1-soliton solutions to the perturbed improved NLSE. These are all bright soliton solutions that were obtained. In fact, this is the limitation or capacity of the traveling wave scheme. It is only the bright soliton solution that can be revealed, provided of course the integration constant is taken to be zero. However with a non-zero value of the integration constant, the cnoidal wave solutions can be obtained which in the limiting case of the modulus of ellipticity will give a soliton solution or a purely linear wave solution, depending on whether the limiting value of the modulus is taken to be zero or unity. However, as realized in the previous section, the traveling wave hypothesis is unable to display dark or singular soliton solution. Additionally, the traveling wave hypothesis is unable to obtain a complete set of soliton parameters. In fact, the soliton wave number is still an unknown parameter although the soliton amplitude, width and velocity are all obtained. Therefore, the ansatz method, that will be studied in this section will obtain a complete set of soliton parameters and will also obtain the bright soliton, dark soliton as well as singular soliton solutions to the perturbed improved NLSE. 
The study will now be split into three subsections that is based on the type of soliton solution that is being retreived from the governing equation. Initially, the general algebro-dynamics of the governing equation will be given. Therefore, the starting solution hypothesis of Eq. (1) is assumed to be q x t = P x t e i x t (58) where P x t is taken to be the amplitude component and x t is the phase component as defined in (4) . The amplitude component dictates the type of soliton in question, namely bright or dark or singular. The phase component stay the same as in (4) irrespective of the type of soliton being studied. Thus from (1),
Substituting (59)-(64) into (1) and decomposing into real and imaginary parts respectievly yields the following set of relations
Since the amplitude portion P x t is of the form g x − vt , equation (66) reduces to (7) so that the velocity of the soliton is still given by (7) along with the same constraint condition as in (8), irrespective of the type of nonlinearity and the type of soliton being studied. It is now equation (65) that will be studied in a detailed fashion in the following subsections where the three types of soliton solutions will be obtained.
Bright Solitons
The bright soliton solution will be displayed in this subsection for each of the five types of nonlinear media. There will be a starting hypothesis for each type of nonlinearity which will then give detailed parameter values along with the relevant restrictions or constraint conditions.
Kerr Law
For Kerr law nonlinearity, it is necessary to have m = 1 as indicated in the earlier section on traveling waves in order for (1) to be integrable. Therefore, (66) for Kerr law nonlinearity reduces to
(67) Additionally, ther constraint condition for Kerr law nonlinearity reduces to (20) . Now, in order to integrate (67), the starting hypothesis is
Again, A represents the amplitude of the soliton and B is the inverse width of the soliton, while v is the velocity of the soliton. The parameter p is unknown at this point and its value will be determined by the balancing principle during the course of derivation of the soliton solution.
By virtue of balancing principle, on equating the exponents 2p and 2, from (70), gives
Then, from (70) by equating the coefficients of the linearly independent functions sech j for j = 0 2 to zero yields the relations
Now, from the coupled relation (74) and (7), the velocity and the wave number of the soliton are respectively given by Therefore the amplitude-width relation given by (73) introduces the constraint condition
Thus, finally, the 1-soliton solution to the perturbed improved NLSE is given by (16) where the amplitudewidth relation is seen in (73) with the follow-up constraint given by (77) that must hold for the solitons to exist. Then, the velocity (v and the wave wave number ( are given by (75) and (76) respectively.
Power Law
In case of power law media, it is necessary to have m = n as discussed before. Hence for power law, Eq. (65) modifies to
Additionally, the constraint condition for power law nonlinearity reduces to (29) . Now, in order to integrate (78), the starting hypothesis is the same as in Kerr law nonlinearity namely (68) with defined by (69). Then, with this hypothesis (78) formulates to
By virtue of balancing principle,
Now, from (79) by equating the coefficients of the linearly independent functions sech j for j = 0 2 to zero yields the relations
Again, from the coupled relation (83) and (7),
The amplitude-width relation given by (82) again introduces the same restriction (77). Hence, to summarize, the 1-soliton solution to the perturbed improved NLSE is given by (26) where the amplitude-width relation is dictated by (82) with constraint (77). Finally, the velocity (v and the wave wave number ( are given by (84) and (85) respectively.
Parabolic Law
For this law of nonlinearity, Eq. (65) reduces to
Additionally, ther constraint condition for Kerr law nonlinearity reduces to (20) . Now, in order to integrate (86), the starting hypothesis is
with the same definition of as in (69). There in a new parameter introduced in this case, that is D 1 whose value will be determined in terms of the known parameters of the equation and the soliton. With this solution ansatz, (86) reduces to
By balancing principle
It needs to be noted that ther same value of p is yielded when the exponents 4p and 2 are equated to each other. Then from the linearly independent functions 1/ D 1 + cosh j for j = 0, 1 and 2
(91)
and (91) and (92) it can be seen that the solitons will exist provided
The imaginary part Eq. (66) for parabolic law nonlinearity gives the other restriction, namely (20) . Therefore, the 1-soliton solution to (31) is given by (40) with the amplitude-width relation (91) and the newly introduced parameter given by (92). The velocity and wave number of the soliton are given by (94) and (95). These solitons will exist provided (20) and (96) are meaningful.
Dual-Power Law
Here, (65) transforms to
since for dual-power law nonlinearity, integrability is permitted provided m = n. Therefore the starting hypothesis would be
where the newly introduced parameter is now D 2 . Thus, (97) would reduce to
By balancing principle 2np = 1 (100)
It needs to be noted that the same value of p is yielded when the exponents 4np and 2 are equated to each other.
Then, from the linearly independent functions 1/ D 2 + cosh j for j = 0, 1 and 2
Equations (102) and (103) propose the constraint
in order for the solitons to exist. Now uncoupling (104) with (7) Hence the bright 1-soliton solution to (42) is given by (45) with the same constraint as in (29) . The amplitudewidth relation is given by (102) while the newly introduced parameter D 2 is defined in (103). The velocity and the wave number are seen in (106) and (107) respectively. Equations (102) and (103) propose the constraint (105) in order for the soliton solutions to exist.
Log Law
This clearly shows that in order to integrate (108), one must choose = 0. By virtue of the constraint given by (8), = 0 and hence the improved perturbed NLSE reduces to (51). Therefore, (108) reduces to
In this case the 1-soliton ansatz is taken to be where A is the amplitude of the Gausson while B is its width. Substituting (110) into (109) leads to
Then from (111), setting the coefficients of the linearly independent functions 2j to zero for j = 0, 1 leads to
and the other relation is (56), which is the width of the Gausson. Then from (112) and (7), after uncoupling yields
Thus, the 1-soliton solution to the improved perturbed NLSE (51) is given by (54) with the width of the Gausson is given by by (56). The velocity and the wave numbers are given by (113) and (114) respectively. These solitons will exist provided (56) is obeyed.
Dark Solitons
The dark solitons will be studied for the first four types of non-Kerr law nonlinearity. It is not known if the log law nonlinearity supports any form of dark solitons. Therefore, the discussion for dark solitons with log law nonlinearity will be skipped.
Kerr Law
For Kerr law nonlinearity, the starting hypothesis for dark 1-soliton solution to (65) is
where is the same as (69). However, for dark solitons the parameters A and B are indeed free soliton parameters, although v still represents the velocity of the dark soliton.
Here as in the previous section m = 1 for integrability purpose. In this case, substituting this hypothesis (115) into (65) leads to
Now equating the exponents 3p and p + 2 gives
which gives the same value of p as in (72) for Kerr law nonlinearity. Substituting this value of p in (116), the linearly independent functions give
Now uncoupling (118) and (7) gives
and 
while (120) and (121) implies
and these must remain valid for dark solitons to exist.
Power Law
For power law nonlinearity, the initial hypothesis for the dark soliton is the same as in Kerr law nonlinearity that is given by (115). As usual for power law nonlinearity, m = n in order to maintain the integrability status. In this case (65) simplifies to
Now equating the exponents 2n + 1 p and p + 2 gives This shows that the dark solitons for power law nonlinearity will exist only if power law nonlinearity collapses to Kerr law nonlinearity. This is a very important observation. In fact this fact is being observed for the first time in this paper in the context of improved perturbed NLSE. The same result was however derived in a couple of other contexts such as for the unperturbed improved NLSE or perturbed regular NLSE with power law nonlinearity. Therefore the rest of the results are exactly the same as in Kerr law nonlinearity discussed in the previous sub-section.
Parabolic Law
For dark solitons, with parabolic law nonlinearity, the starting hypothesis is
where in this case,
and in this case, the free parameters are A 1 , B 1 and while p is still the unknown parameter whose value will be determined. For parabolic law nonlinearity as before, m = 1 for the governing equation to be rendered integrable. Then, the constraint condition is the same as in (20) . Now substituting (128) into (65) yields
From balancing principle, equating the coefficients 2p + 2 and 3 leads to 2p
so that the same value of p as in (90) is obtained. It needs to be noted here too, that the same result for p is yielded when the exponents 4p + 2 and 4 are equated with each other. Substituting this value of p into (130) and setting the coefficients of the linearly independent functions A 1 + B 1 tanh j for j = 0, 1, 2, 3 and 4, to zero leads to
Then, coupling (132) with (7) leads to
Hence, finally, the dark 1-soliton solution to (31) is given by
where the free parameters are connected as in (133) while the velocity and the wave number are given by (134) and (135) respectively.
Dual-Power Law
For dark solitons, with dual-power law nonlinearity, the starting hypothesis is the same as in parabolic law nonlinearity that is given by (128). Substituting this ansatz into (97) gives
In this case, as in bright solitons m = n to pass the integrability test and the constraint condition given by (29) must also hold. Now, equating the coefficients 2np + 2 and 3 means 2np
which yields the same value of p as in (101). Again here too, the exponents 4np + 2 and 4, when equated 
These set of equations along with the velocity of the dark soliton, given by (7), leads to
(143) since n = 1. However, if n = 1 is taken into account, inconsistency creeps in.
Hence, finally, the dark 1-soliton solution to (42) is given by
(144) where
where the free parameters are connected as in (141) while the velocity and the wave number are given by (142) and (143) respectively.
Singular Solitons
This subsection will focus on obtaing singular solitons of the perturbed improved NLSE given by (1). The starting point is still going to be Eqs. (65) and (66). Once again, the study is going to be carried out for the first four nonlinear laws since it is still not known if log law nonlinearity supports singular solitons or not.
Kerr Law
For Kerr law nonlinearity, from Eq. (65), the starting hypothesis is given by
where is still defined as in (69). Once again, A and B are free parameters while v is the velocity of the soliton. Also m = 1 with Kerr law nonlinearity. Thus, equation (65) modifies to
By balancing principle, p = 1 as indicated in (72). Then from the linearly independent functions,
and also (74) 
where the free parameters' relation is given by (148) and the velocity and wave numbers are as in (75) and (76). These lead to the constraint conditions given by (148) and (20) .
Power Law
Similarly, for power law nonlinearity, the starting hypothesis is the same as in (146). Therefore (65) for power law nonlinearity reduces to
In this case, the balancing principle yields the same result of p as in (81). Additionally, as noted before m = n for integrability purposes. The relation between the free parameters is then given by
which forces the same condition as (149). The velocity and wave numbers are given as in (84) and (85). The imaginary part also implies the same constraint condition as in (29) . This finally leads to the singular 1-soliton solution as q x t = A csch 1/n B x − vt e i − x+ t+ (153) where the relation between the free parameters are in (152) while the other parameters are seen in (84) and (85). Finally, the constraint conditions (29) and (149) must hold for the singular solitons to exist.
Parabolic Law
For parabolic law nonlinearity with (86), the starting hypothesis is given by (162) while the parameter D 2 is seen in (163). The velocity is given by (7) . Finally, the constraint condition given by (8) and (164) must hold for the existence of singular solitons with dual-power law nonlinearity.
CONCLUSIONS
This paper studies the improved NLSE with five forms of nonlinearity. These are the Kerr law, power law, parabolic law, dual-power law and finally the log law nonlinearity. There are perturbation terms that are taken into account and two of these perturbation terms are considered with full nonlinearity. The traveling wave hypothesis is applied to extract the bright 1-soliton solution of the perturbed improved NLSE. The ansatz method is subsequently applied to obtain the bright, dark and singular soliton solution to these equations. However, for the log law nonlinearity, it is only the bright solitons (or Gaussons) that are obtained since it is not known if log law nonlinearity supports dark or singular solitons. The future of this research holds on a very strong footing. These results are going to be indeed very useful in order to obtain the conservation laws. The soliton perturbation theory will be developed. The quasi-particle theory of the intra-channel soliton-soliton interaction will be later introduced. Furthermore, the quasi-stationary solition solution will also be obtained by the aid of multiple scale perturbation analysis. The collective variable approach will also be applied to obtain the parameter dynamics of the perturbed improved NLSE. All of these just form the tip of the iceberg.
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